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Abstract: The Planck length and Planck energy should be taken as invariant scales are in agreement with
various theories of quantum gravity. In this scenario, the original general relativity can be changed to the
so-called gravity’s rainbow which produces significant modifications to the black holes’ evolution. In this
paper, using two kinds of rainbow functions, we investigate the thermodynamics and the phase transition
of Schwarzschild black hole in the context of gravity’s rainbow theory. Firstly, with the help of the surface
gravity and Heisenberg uncertainty principle, we calculate the modified Hawking temperature. Then, based
on this modification, we derive the local temperature, free energy and other thermodynamic quantities in
an isothermal cavity. Finally, the critical behavior, the thermodynamic stability and phase transition of
the rainbow Schwarzschild black hole are analyzed. It turns out that our results are different from those of
Hawking-Page phase transition. Meanwhile, we find that there are many similarities and differences between
rainbow functions I case and rainbow functions II.
1 Introduction
The Lorentz symmetry is known as one of fundamental symmetries in nature, which produces the standard
energy-momentum dispersion relation, E2 − p2 = m2 [1, 2]. But a lot of works showed that the standard
energy-momentum dispersion relation would not be held when it nears the Planck length (or the Planck
energy) [3–7]. In fact, one of the intriguing predictions among various quantum gravity theories, such as
loop quantum gravity, loop quantum gravity and non-commutative geometry, is the existence of a minimum
measurable length that can be identified with the Planck scale [8–10]. This idea is supported by many
Gedanken experiments [11]. Furthermore, the Planck length can be considered as the division between the
quantum and the classical description of spacetime [12]. Therefore, the Planck length should be taken as
an invariant scale, that is, a universal constant for all inertial observers. However, in the special relativity,
those features are conflict with the Lorentz symmetry since the Planck scale is not invariant under the
linear Lorentz transformations. In order to solve this paradoxical situation, the standard energy-momentum
dispersion relation must be changed to the so-called modified dispersion relation (MDR). The MRD plays an
important role in physics [13–22]. In Refs. [13–16], authors elucidated that the MRD may be responsible for
the threshold anomalies of in ultra-high-energy cosmic rays and TeV photons. Besides, the MDR provides
stringent constraints on deformations of special relativity and Lorentz violations [17–22]. Very recently,
Arzano and Calcagni showed that the MRD may affect the propagation of the observed gravitational-wave
signal of the event GW 150914 [23, 24].
Combining the MDR with the special relativity, Amelino-Camelia proposed the double special relativity
(DSR) [25]. The DSR is an extension of special relativity, which contains two fundamental constants: one is
the velocity of light c, the other is the Planck energy Ep, they indicate that the energy and the velocity of
a particle cannot exceed the velocity of light and the Planck energy. Meanwhile, DSR is also a framework
for encoding properties of flat quantum spacetime [26]. However, it is observed that DSR is typically for-
mulated in momentum space, it leads to the definition of a dual space suffers a nonlinearity of the Lorentz
transformation, that is, the dual space is non-trivial. In order to overcome this problem, the DSR was gen-
eralized to the curved spacetimes by Magueijo and Smolin. This doubly general theory of relativity is called
as gravity’s rainbow (or rainbow gravity) [27]. The name gravity’s rainbow comes from the fact that this
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theory assumes the spacetime background depends on the energy of a test particle. Therefore, one should
use a family of metrics (namely, a rainbow of metrics) parameterized by the ratio E/Ep to describe the
background of this spacetime instead a single metric. In the gravity’s rainbow, using a modified equivalence
principle [27], the modified metrics can be expressed as gˆ = ηµνeµ (E/Ep) ⊗ eν (E/Ep) with the energy
dependence of the frame fields e0 (E/Ep) = eˆ0/f (E/Ep) and ei (E/Ep) = eˆi/f (E/Ep). Due to the modified
metrics, the connection and curvature become energy dependent, and the Einstein’s equations are modified
as Gµν (E/Ep) = 8piG (E/Ep)Tµν (E/Ep) + gµνλ (E/Ep), where the G (E/Ep) is the effective gravitational
coupling constant at the ultraviolet (UV) regime.
The gravity’s rainbow is very important since it can be applied to different physical systems and modifies
many classical theories. For example, by incorporating the gravity’s rainbow with the FRW cosmologies, the
possibility of resolving big bang singularity has been investigated in Ref. [28]. In Ref. [29], Sefiedgar studied
the entropic force in the context of gravity’s rainbow. Then, based on this entropic force, the modified the
Newtonian dynamics and Einstein’s field equations were obtained. In Ref. [30], with the help of gravity’s
rainbow, the authors investigated the modified Starobinsky model and the inflationary solution to the motion
equations, the spectral index of curvature perturbation and the tensor-to-scalar ratio were also calculated.
Besides, the deflection of light, photon time delay, gravitational red-shift, and the weak equivalence principle
(WEP) have also been studied in the framework of gravity’s rainbow [31]. It is worth mentioning that
the gravity’s rainbow has a great influence on the thermodynamics of black holes [32–48]. In 2004, Ali
investigated the thermodynamics of rainbow Schwarzschild (SC) black hole by using the gravity’s rainbow
and the Heisenberg uncertainty principle (HUP) [35]. The results showed that the mass-temperature relation
of rainbow SC black hole is different from that of the original case. As the mass of the black hole decreases,
the modified Hawking temperature reaches a maximum value, and then, it goes to zero when the mass of
rainbow SC black hole approaches the Planck scale. Subsequently, similar calculations have been applied to
other black holes [36–48]. Those results implies that the gravity’s rainbow can prevent the black holes from
total evaporation and leads to the remnants of black holes in exactly the same way as done by the generalized
uncertainty principle (GUP) [49]. Hence, the gravity’s rainbow may solve the information loss and naked
singularity problems of black holes.
On the other hand, it is well known that black holes not only have the thermodynamic quantities, but also
have rich phase structures and critical phenomena. Over the past decades, the phase transitions and critical
phenomena of black holes have been widely explored [50]. In 1977, Davies found that the Kerr-Newman
black hole exists the phenomena of phase transition [51]. Then, Pavo´n discovered a non-equilibrium second
order phase transition in the charged Reissner-Nordstro¨m (RN) black hole spacetime [52]. The existence of
a certain phase transition in the asymptotically anti de Sitter (AdS) spacetimes was proved by Hawking and
Page. In Ref. [53], they demonstrated that the AdS SC black hole undergoes a phase transition (namely,
Hawking-Page phase transition) to a thermal AdS space if the temperature reaches a certain value. This
seminal work has attracted wide attention because it can explain the confinement/deconfinement phase
transition of gauge field in the AdS/CFT correspondence [54]. Since then, a lot of works have been devoted
to investigate the Hawking-Page phase transition and the critical phenomena for other more complicated
AdS spacetimes [54–64]. Among those studies, people found that the phase transitions behavior of charged
black holes are similar to that of Van der Waals liquid-gas system [57–64]. In 2012, Kubiznˇa´k and Mann
proposed a remarkable new perspective on relation between the phase transition of charged AdS black hole
and the van der Waals liquid-gas phase transition [57]. By considering the cosmological constant λ and its
conjugate variable as thermodynamic pressure P and specific volume V , they analyzed the thermodynamic
behavior of RN-AdS black hole in the extended phase space. The results showed that the RN-AdS black
hole system has a first-order small-large black hole phase transition since the free energy G demonstrates
a “swallow tail”-type behavior. Besides, Kubiznˇa´k and Mann also studied the “P − V ” criticality and the
critical exponents and proved that they coincide with those of the Van der Waals system.
Based on what has been discussed above, it is interesting to raise a question whether it is possible to
investigate the thermodynamic criticality and the phase transition of the rainbow black holes? In Refs. [40,
43–48, 65–67], the authors proved that it is indeed possible. Very recently, Gim and Kim have investigated
the thermodynamic phase transition of a black hole in the context of gravity’s rainbow. Their results showed
that the rainbow SC black hole in an isothermal cavity an additional Hawking-Page-type critical temperature
near the event horizon apart from the original case, which is of relevance to the existence of a locally small
black hole. Meanwhile, by analyzing the free energy, they concluded that the small black hole will eventually
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tunnel into the stable large black hole since it just locally stable [66]. Motivated by Refs. [30,66,67], we would
like to investigate the thermodynamic criticality and phase transition of rainbow SC black hole. By utilizing
the Heisenberg uncertainty principle, the value of the energy of emitted particle E can be taken to be the
mass of black hole M , that is E ≥ 1/rH = 1/2GM . According to this relation and two proposals for rainbow
functions, we derive the modified thermodynamic quantities and free energy of the rainbow SC black hole.
Based on those modifications, the thermodynamic criticality and phase transition are analyzed. It turns out
that our results are different from the those of Hawking-Page phase transition. Meanwhile, it is shown that
there are many similarities and differences between rainbow functions I case and rainbow functions II case.
Moreover, our results are also different from that in Ref. [66]. However, when the ratio E/Ep approaches
zero, our results reduce to the standard forms.
The organization of this paper is as follows. The next section is devoted to introducing two kinds of
rainbow functions. In section 3, according to the line element of rainbow SC black hole, we will use the
Hamilton-Jacobi method to compute the modified surface gravity and the effective temperature. In section
4, using the rainbow functions defined in Ref. [13], we study the thermodynamics of SC black hole in the
context of gravity’s rainbow and discuss its thermodynamic criticality and phase transition. In section 5,
we use the other kinds of rainbow functions to study the thermodynamics, critical phenomena and phase
transition of rainbow SC black hole. The paper ends with conclusions in Section 6.
2 A brief about the rainbow functions
To begin with, we review briefly the MRD and the rainbow functions. The general form of MRD can be
expressed as follows
E2f2 (E/Ep)− p2g2 (E/Ep) = m2, (1)
where Ep is the Planck energy, the corrections terms f (E/Ep) and g (E/Ep) are known as rainbow functions
which are responsible for the modification of the energy-momentum relation at UV regime. However, in the
limit E/Ep → 0, the rainbow functions satisfy the relations lim
E/Ep→0
f (E/Ep) = 1 and lim
E/Ep→0
g (E/Ep) = 1,
the relations indicate that the MDR will reduce to the standard energy-momentum dispersion relation at low
energy scale.
It should be mentioned that the expression of rainbow function is not unique, people can find a series
expressions of rainbow functions based on different phenomenological motivations. In Refs. [68,69], motivated
by the results of non-critical string theory, loop quantum gravity and κ-Minkowski non-commutative geome-
try, Amelino-Camelia and Ellis proposed one of the most studied MDR which is E2−p2+ηp2 (E/Ep)n = m2.
Comparing the MRD with Eq. (1), the corresponding rainbow functions can be expressed as
f (E/Ep) = 1, g (E/Ep) =
√
1− η (E/Ep)n, (2)
which we identify it as first RFs I. The η is a positive free parameter that represents the rainbow parameter,
and n represents an integer. Very recently, according to a varying speed of light theory (VSL), the authors
in Ref. [13] constructed a kind of MRD, which takes the form as E2
/
(1− γE/Ep)2 − p2 = m2. This kind of
MRD implies a spacetime has the energy-dependent velocity c = (1− γE/Ep) . Comparing it with Eq. (1),
the rainbow functions can be fixed as follows
f (E/Ep) =
1
1− γE/Ep , g (E/Ep) = 1, (3)
where γ is the rainbow parameter. Eq. (3) implies that the varying velocity of light in the rainbow gravity
becomes smaller when the energy of photons increases. For convenience, we call Eq. (3) the RFs II. Notably,
the bounds on the values of η and γ have been analyzed by using many theoretical and experimental con-
siderations [31]. The concrete expressions of rainbow functions have a strong influence on the predictions.
Hence, in the subsequent discussions, we will calculate the thermodynamics of SC black hole taking into
account the effect of the RF I and RF II. Then, the phase transition and critical phenomena in terms of
gravity’s rainbow will be analyzed.
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3 Rainbow SC black hole and the Hamilton-Jacobi method
In Refs. [27,49], the authors pointed out that one can construct the rainbow spacetime by making replacements
dt → dt/f (E/Ep) for time coordinates and dxi → dxi
/
g (E/Ep) for all spatial coordinates. Therefore, the
line element of rainbow Schwarzschild black hole is given by
ds2 = −1− (2GM/r)
f2 (E/Ep)
dt2 +
dr2
[1− (2GM/r)] g2 (E/Ep) +
r2
g2 (E/Ep)
dΩ2, (4)
where dΩ2 = dθ2 + sin2 θdφ2 represents the line elements of 2-dimensional hypersurfaces. Obviously, the
event horizon of rainbow SC black hole is located at rH = 2GM . In the limit E/Ep → 0, the metric of
original SC black hole is recovered. In order to investigate the modified Hawking temperature of rainbow
SC black hole, we can compute the tunneling behaviors of particles by using the Hamilton-Jacobi method.
In Ref. [49,70], the authors derived the deformed Hamilton-Jacobi equations gµν (∂
µI) (∂νI) = 0 for scalars,
spin 1/2 fermions and vector bosons in the line element (4), where I is the action of a particle. Therefore,
the Hamilton-Jacobi equation for a massless particle in the rainbow metric is given by
− f
2 (E/Ep)
1− (2GM/r) (∂tI)
2 + g2 (E/Ep) [1− (2GM/r)] (∂rI)2 + g
2 (E/Ep)
r2
[
(∂θI)
2 +
(∂φI)
2
sin2 θ
]
= 0. (5)
Taking into account the time-like killing vector (∂/∂t)
a
and the the space-like killing vector (∂/∂φ)
a
, one can
employ the ansatz I = −ωt +W (r) + Θ (θ, ) + jφ with the energy of particle ω. Inserting this ansatz into
Eq. (5), yielding
− f2 (E/Ep) (1− 2GM/r)−1 ω2 + g2 (E/Ep) (1− 2GM/r) (∂rW )2 = −λ
/
r2, (6)
g2 (E/Ep)
[
(∂θΘ)
2
+ j2 sin−2 θ
]
= λ, (7)
where λ is a constant. When considering the s-wave, it is found that the angle part of the Hamilton-Jacobi
equation dose not contribute to the tunneling behaviors. Therefore, solving Eq. (6), one has
W (r) = ±
∫
(1− 2GM/r)−1
√
f2 (E/Ep)ω2
/
g2 (E/Ep)− λ
/
(1− 2GM/r) r2dr, (8)
where +(−) are the outgoing (incoming) solutions of the emitted particles. Using the residue theory for the
semi circle, the imaginary part of the action for the tunneling process is given by
ImW± (r) = ±ωpi
2κ
=
ωpi
2κ0
f (E/Ep)
g (E/Ep)
. (9)
From above expression, it is evident that the original surface gravity κ0 = 2GM gets modified in gravity’s
rainbow. As shown in [71–73], the particle tunneling rate of rainbow SC black hole is Γ = Γemit/Γabsorb =
exp (−2ImW+)/exp (−2ImW−) = exp [2ωpif (E/Ep)/κ0g (E/Ep)]. With the help of a Boltzmann factor, the
effective temperature can be expressed as follows
TRFseff =
κ
2pi
=
κ0
2pi
g (E/Ep)
f (E/Ep)
= T0
g (E/Ep)
f (E/Ep)
=
1
8piGM
g (E/Ep)
f (E/Ep)
. (10)
where T0 = 1/8piGM is the original temperature. Obviously, Eq. (10) shows there is a correction to the
effective temperature and the correction value is dependent not only on the mass of black hole but also on
the expression of rainbow functions.
4 Thermodynamics and phase transition of rainbow SC black hole
with rainbow functions I
In this section, we will investigate the thermodynamics and phase transition of rainbow SC black hole with
rainbow functions I. Substituting the identification of rainbow functions (2) into Eq. (10), the modified
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Hawking temperature can be expressed as [35]
TRFsIH =
√
1− η
(
E
Ep
)n
TH , (11)
where the original Hawking temperature of SC black hole is TH = 1/8piGM . According to Refs. [74, 75],
the Heisenberg uncertainty principle (HUP) ∆x∆p ≥ 1 still holds in the gravity’s rainbow. Therefore, when
considering the photons that in the vicinity of the black hole surface, the HUP can be translated into a lower
bound on the energy, that is, E ≥ 1/∆x, where E is the energy of a particle emitted in the Hawking radiation.
With the help of lower bound on the energy and the uncertainty position ∆x, one has the following relation
E ≥ 1/∆x ≈ 1/rH = 1/2GM. (12)
It should be noted that this bound on the energy plays a key role in the modification of thermodynamics
of rainbow black holes. Substituting Eq. (12) into the Eq. (11), the rainbow Hawking temperature can be
rewritten as
TRFsIH =
1
4pi (2GM)
n+2
n
√
(2GM)n − ηGn2 , (13)
where we use Ep = 1
/√
G in natural unit. When η = 0, the rainbow Hawking temperature goes to the
original case. Obviously, the rainbow Hawking temperature is very sensitive to the concrete expression of
rainbow functions. Next, we will investigate the entropy of rainbow SC black hole. Using the first law of black
hole thermodynamics and setting n = 2 as an example, the rainbow entropy associated with the rainbow
Hawking temperature Eq. (13) is given by
SRFsI =
∫
T−1H dM = pi [2Mχ+ ηln (2GM + χ)], (14)
where χ =
√
G (4GM2 − η). It is clear that the area law of the entropy S = A/4 = 4piM2 can be recovered
when η = 0, where A is the area of black hole
Now, let us calculate the local temperature of the rainbow SC black hole. Based on the identification in
Refs. [48, 70, 76, 77], the local temperature in gravity’s rainbow at a finite distance r outside the black hole
can be expressed as
TRFslocal = TH
(
1− 2GM
r
)− 1
2 g (E/Ep)
f (E/Ep)
, (15)
Considering Eq. (13) and the specific value for rainbow functions (2), and putting n = 2, the corresponding
local temperature for the observer on the cavity is given by
TRFsIlocal =
1
16pi (GM)
2
√
1− 2GM
r
√
(2GM)
2 − ηG. (16)
Obviously, the Eq. (16) is implemented by the redshift factor of the metric. If we take the parameter r as a
invariable quantity, the critical value of black hole’s mass, the rainbow parameter and local temperature can
be obtained by the following equations(
∂Tlocal
∂M
)
r
= 0,
(
∂2Tlocal
∂M2
)
r
= 0. (17)
Inserting Eq. (16) and setting r = 10 as an example, it is found that the critical mass is MRFsIc = 8/3, the
critical value of rainbow parameter is ηc = 128/15 and the critical local temperature is T
RFsI
c = 3
√
3/2
/
64pi,
respectively. Numerical computations drive us to the corresponding “Tlocal −M” diagram which is plotted
in Fig. 1. In Fig. 1(a), it follows that for η 6= 0, there is a phase transition with 0 < η < ηc. Therefore, for
the convenience of discussing the critical phenomena and phase transition of rainbow SC black hole, we will
set η = 1 in the next calculation.
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Figure 1: (a) shows the relation between the rainbow local temperature and mass for different η. (b) shows
the original and rainbow local temperatures heat capacity versus mass. Here we set G = 1 and r = 10.
By fixing G = 1 and r = 10, we plot the rainbow local temperature TRFsIlocal and original case Tlocal versus
the mass of the black hole in Fig. 1(b). The blue dashed line illustrates the original local temperature, which
is infinite when the mass approaches zero and M3. The minimum value of local temperature T
′
1 occurs at
M ′1. For the rainbow local temperature case (red solid line), one can see that T
RFsI
local recovers the original
local temperature at M3, where the size of black hole approaches the horizon of SC black hole r = 2GM3, it
indicates that the black hole is very hot near the event horizon. As the mass of the black hole decreases, the
rainbow local temperature reduces to T2 corresponding to the mass M2, and then increasing to its maximum
value T1 at M1. At last, the rainbow local temperature goes to zero when the mass of black hole approaches
a finite value, which leads to a remnant (namely, Mres = M0 =
√
η/4G). Those results are consistent
with Ali’s analysis in Ref. [35]. The values of (M1, T1), (M2, T2), (M3, T3) and (M
′
1, T
′
1) can be numerically
obtained if needed.
Next, using the thermodynamic first law, the total thermodynamic internal energy of rainbow SC black
hole within the boundary r is given by
ERFsIlocal =
∫ M
M0
TRFsIlocal dS
RFsI =
r
G
(√
1−
√
ηG
r
−
√
1− 2GM
r
)
, (18)
which goes to the local energy of original SC black hole Elocal = r
(
1−
√
1− 2GM/r
)/
G when η → 0. It
may be noted that one can investigate thermodynamic stability of the black holes through the heat capacity.
Hence, employing the rainbow local temperature Eq. (16) and the local energy Eq. (18), the rainbow heat
capacity at fixed r can be expressed as
CRFsI = ∂E
RFsI
local
∂TRFsIlocal
=
16GM3 (2GM − r)χ
4GM2 (r − 3GM) + η(5GM − 2r) . (19)
By setting CRFsI = 0, the remnant mass isMres =
√
η/4G. The above equation reduces to the heat capacity
of original SC black hole C = 8piGM2(r − 2GM)/(3GM − r) when η vanishes. The behaviors of the heat
capacity can be observed from Fig. 2.
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Figure 2: The original and rainbow heat capacity versus mass for G = 1 and r = 10.
In Fig. 2, the red solid line for rainbow heat capacity CRFsI vanishes at M0, which is in the contrary to
the blue dashed line for the original heat capacity C that goes to zero when M → 0. It is well known that
the black hole is stable if the heat capacity is positive, whereas the black hole is unstable if it with negative
value. So that, we can find that the rainbow heat capacity has two stable regions of M0 ≤ M ≤ M1 and
M2 ≤M ≤M3, and one unstable regions of M1 ≤M ≤M2, while blue dashed line for the original case only
has one stable regions of M ′1 ≤ M ≤ M3 and one unstable regions of M ≤ M ′1. Interestingly, the rainbow
heat capacity diverges at the points where the rainbow SC black hole temperature reaches its maximum value
M1 and minimum value M2, which indicates there exists two second order phase transitions in the canonical
ensemble.
Based on the discussions about the rainbow local temperature and the heat capacity, we classify the
rainbow SC black hole to three branches according to its mass scale. The ranges, states and stability for
three branches of the rainbow SC black hole are shown in Table. 1.
Table 1: The ranges, states and stability for three branches of the SC black hole in the framework of RFs I.
Branche Range State Stability
1 M0 ≤M ≤M1 small stable
2 M1 ≤M ≤M2 intermediate unstable
3 M2 ≤M ≤M3 large stable
From Table. 1, one can find an additional intermediate black hole in the system, which never appears in
the Hawking-Page phase transition. Besides, it is easy to see that the small black hole (SBH) and the large
black hole (LBH) are stable, whereas the intermediate black hole (IBH) is unstable.
In order to obtain more details of the thermodynamic phase transition of the rainbow SC black hole, it
is necessary to investigate the free energy of SC black hole in the gravity’s rainbow enclosed in a cavity. In
Refs. [78, 79], the free energy is defined as
Fon = Elocal − TlocalS. (20)
Putting Eq. (14), Eq. (16) and Eq. (18) into Eq. (20), the rainbow free energy is given by
FRFsIon =
r
G
(√
1−
√
ηG
r
−
√
1− 2GM
r
)
− χ√
1− 2GM/r
[
2MGχ+ ηln (2GM + χ)
16G2M2
]
. (21)
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Note that for η = 0, the above equation is reduced to the original free energy Fon = r
(
1−
√
1− 2GM/r
)/
G−
M
/
2
√
1− 2GM/r. For further investigate the phase transition between the black holes and the hot flat
space (HFS), we plot Fig. 3.
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Figure 3: For a rainbow SC black hole (a) shows the variation of free energy with the local temperature for
different η. (b) and (c) show the original and rainbow free energy of SC black hole as function of the local
temperatures. Here we choose G = 1 and r = 10.
Fig. 3(a) shows Fon curves with Tlocal for different η, the value of rainbow parameter η decreases from top
to bottom. It is clear that the swallow tail structure appears when the rainbow parameter η is smaller than
the critical value ηRFsIc , which indicates there is a two-phase coexistence state. The results are consistent
with the profile of Tlocal −M in Fig. 1(a).
As seen from the middle and right panels of Fig. 3, the Fig. 3(b) shows the free energy of original SC
black hole and the Fig. 3(c) depicts the free energy of rainbow SC black hole, the FHFSon represents the free
energy of the hot flat space. First, let us focus on the original case. It is found that the free energy vanishes
when M → 0 since the vacuum state is Minkowski space-time. The small-large (Hawking-Page) transition
occurs at T ′1. For T < T
′
c, both the small and large black holes are higher than the F
HFS
on , it means that the
HFS is more probable than the small and large black holes. However, for T > T ′c, the small black hole higher
is than the FHFSon while the large black hole is lower than the F
HFS
on , which indicates that the large black hole
is more probable than the HFS. Therefore, one can find a phase transition in this thermodynamic system
above T ′c, which leads to the radiation collapse to the large black hole and the small black hole eventually
decays into the large black hole thermodynamically.
Now, turn to look at Fig. 3(c). Evidently, the free energy of the hot flat space is FHFSon = 0 which is
coincide with the horizontal coordinate. For non-zero η, the behavior of the rainbow free energy is apart
from the original picture.
(i) The small-intermediate black hole transition occurs at the inflection point T1 corresponding to the
massM1, the intermediate and large black holes are degenerate at T2 corresponding to the massM2. Besides,
it is easy to find that the free energy of large black hole (blue solid line) and the FHFSon intersect at Hawking-
Page-type critical temperature T
(1)
c , the free energy of intermediate black hole (black solid line) and the FHFSon
intersect at another Hawking-Page-type critical temperature T
(2)
c .
(ii) There exists a first order phase transition since the Fon demonstrates the characteristic swallow tail
behavior. It is reminiscent of the “free energy-Hawking temperature” relation of charged AdS black hole in
Refs. [58–64]. The intersection point between the red solid line and the blue solid line is the first order phase
transition point that corresponding to the temperature TFirst−orderc .
(iii) For T0 < T < T
(1)
c , the intermediate black hole and large black hole are higher than the FHFSon while
the small black hole is lower than FHFSon , hence the stable small black hole is more probable than the HFS.
For T
(1)
c < T < TFirst−orderc , both small and large black holes are lower than the the F
HFS
on . However,
the large black hole should decay into the small black hole since its free energy is higher than the free
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energy of the small black hole in this region. Consequently, at T0 < T < T
First−order
c the small black hole
should undergoes a tunneling and the HFS can collapse to the small black hole. As the local temperature
increase, one can find that free energies of black holes satisfy the relation FLBHon < F
SBH
on < F
HFS
on < F
IBH
on for
TFirst−orderc < T < T
(2)
c , whereas the relation becomes FLBHon < F
SBH
on < F
IBH
on < F
HFS
on for T
(2)
c < T < T1,
it means that hot flat space does not only collapse into the small black hole but also into the intermediate
and large black holes. However, the intermediate black hole with negative heat capacity is unstable, so that
it would decay into the small black hole. Meanwhile, it is obvious that the free energy of small black hole is
always higher than free energy of the large black hole, it leads to the small black hole eventually decays into
the large black hole thermodynamically. Therefore, for TFirst−orderc < T < T1, the HFS would eventually
decays into the large black hole due to the tunneling effect.
5 Thermodynamics and phase transition of rainbow SC black hole
with rainbow functions II
In this section, using Eq. (3), the thermodynamics and phase transition of SC black hole in the framework
of RFs II will be investigated. A substitution in Eq. (10) gives the following result
TRFsIIH =
1
8piGM
(
1− γ
2
√
GM
)
. (22)
It should be noted that the relation of lower bound of the energy E ≥ 1/rH = 1/2GM and the natural
unit Ep = 1
/√
G are used again for obtaining the above expression. With the help of the first law of
thermodynamics, the new rainbow entropy is given by
SRFsII =
∫
T−1H dM = 4
√
GMpi
(√
GM + γ
)
+ 2piη2ln
(
2
√
GM − γ
)
, (23)
which becomes the original entropy S = A/4 when γ vanishes. Next, according to Eq. (15), one can obtain
the local temperature
TRFsIIlocal =
1
8piGM
√
1− 2GM
r
(
1− γ
2
√
GM
)
. (24)
The above equation leads to the existence of a minimum mass below which the local temperature becomes a
negative quantityM0 = γ
√
G
/
2. Using Eq. (17) and setting r = 10, the critical mass, critical free parameter
and critical local temperature can be expressed as follows
MRFsIIc = 2.36701, γc = 1.68082, T
RFsII
c = 0.0149398. (25)
It shows that the phase transition appears when 0 < γ < γc. This is depicted in Fig. 4(a). In order for the
study to be focused and feasible, we take the free parameter as γ = 1 in the next discussion.
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Figure 4: (a) shows the relation between the rainbow local temperature and mass for different γ. (b) shows
The original and modified local temperature versus mass. We set G = 1 and r = 10.
Now, let us plot the original and rainbow local temperature versus mass for G = 1 and r = 10 in Fig. 4(b).
It shows that the blue dashed line represents the local temperature of original SC black hole, and the red
solid line represents the local temperature of rainbow black hole. The evaporation process of SC black hole
in the framework of RFs II is commonly organized in three stages: at the first stage (M2 ≤ M ≤ M3), the
rainbow local temperature decreases through its evaporation process. At the second stage (M1 ≤M ≤M2),
the rainbow local temperature increases as mass decreases, lasting up to the mass in which it comes near
to a maximum value. At the final stage (M0 ≤ M ≤ M1), the mass of rainbow SC black hole cannot get
smaller than M0 since the negative temperature becomes violates the laws of thermodynamics, that is, the
remnant mass is M0 = Mres = γ
√
G
/
2. Hence, it has no physical meaning. Obviously, the behavior of the
rainbow local temperature of Eq. (24) is similar as that of Eq. (16) as long as M0 ≤ M ≤ M3. It means
that the RFs II can stop the Hawing radiation and leads to a remnant of black hole. Therefore, we can also
define large black hole (LBH) where M1 ≤ M ≤ M2, intermediate black hole (IBH) where M2 ≤ M ≤ M3,
and small black hole (SBH) M0 ≤ M ≤ M1. Notedly, there is only one small black hole for T0 ≤ T ≤ T2,
one large black hole for T ≥ T1, and all the three states for T2 ≤ T ≤ T1. The similar results can be found
in Refs. [80–86].
With the help of the expression of total internal energy Eq. (24), one can easily obtain the result ERFsIIlocal =∫M
M0
TRFsIIlocal dS
RFsII = r
(√
1− γG3/2/r −√1− 2GM/r)/G which is the same as Eq. (18). Then, using
again expression Eq. (19), the rainbow heat capacity at fixed r is given as
CRFsII =
(
∂ERFsIIlocal
∂TRFsIIlocal
)
r
=
16M3pi (r − 2GM)
2M (3GM − r) + γ
√
G (2r − 5GM) . (26)
The variation of the heat capacity CRFsII with the mass M is plotted in Fig. 5.
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Figure 5: The original and modified heat capacity versus mass for G = 1 and r = 10.
As seen in Fig. 5, the heat capacity of SC black hole obeying a MRD that based on the RFs II (red solid
line) changes its sign at M1 and M2 for which the denominator in Eq. (26) vanishes. Meanwhile, the rainbow
heat capacity CRFsII goes to zero when mass approaches to M0, which is similar as what we found in the
RFs I case. When M →M3, the rainbow heat capacity tends to the original case (blue dashed line) since the
effect of quantum gravity is negligible at that point. The rainbow heat capacity is divergent at the inflection
points M1 and M2. Hence, the phase transitions near there are second orders. Adopting the similar strategy,
the states of SC black hole can be classifies to three branches according to the mass scale, which are shown
in Table 2.
Table 2: The ranges, states and stability for three branches of the SC black hole in the framework of RFs II.
Branche Range State Stability
1 M0 ≤M ≤M1 small stable
2 M1 ≤M ≤M2 intermediate unstable
3 M2 ≤M ≤M3 large stable
It is obvious that the results in Table 2 are similar as those in Table 1. In the next discussion, we will
use the three states of black hole to analyze the phase transition of rainbow SC black hole. Now, based on
the relation Fon = Elocal − TlocalS, the free energy is given by
FRFsIIon =
r
G
(√
1− γG
3/2
r
−
√
1− 2GM
r
)
−
(
2M −
√
Gγ
) [
2M
(
M +
√
Gγ
)
+Gγ2ln
(
2M
/√
G− γ
)]
8M2
√
1− 2GM
r
. (27)
Note that the above equation recovers the original free energy for γ = 0. Besides, as seen from Fig. 6(a)
that the thermodynamic phase transition of the rainbow SC black hole occurs for 0 < γ < γRFsIIc , which is
consistent with the results in Fig. 4(a). Next, by setting G = 1 and r = 10, one can see the behavior of the
modified free energy FRFsIIon versus local temperature Tlocal in Fig. 6(b). One can find that
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Figure 6: For a rainbow SC black hole (a) shows the variation of free energy with the local temperature
for different η. (b) shows the original and modified free energy of SC black hole as function of the local
temperature. Here we choose G = 1 and r = 10.
(i) The tiny-small black hole transition occurs at the inflection point T1 corresponding to M1, and the
small black hole and large black hole are degenerate at T2 with M2. Interestingly, it can be easily found three
intersections (Hawking-Page-type critical temperature T
(1)
c , T
(2)
c and T
(3)
c ) between the line of free energy
and the FHFSon in Fig. 6(b) while there is only one intersection in Hawking-Page phase transition case as seen
from Fig. 3(a) and two intersections in RFs I case as seen from Fig. 3(b).
(ii) Evidently, there is a order phase transition at critical temperature TFirst−orderc since the images shows
a characteristic swallow tail behavior.
(iii) As seen from Fig. 6(b), all the three states of rainbow SC black hole are higher than the free energy of
the hot flat space for T0 < T < T
(1)
c , which means that the HFS is more probable in this region. However, the
free energies of LBH, SBH and IBH drop below the FHFSon one by one above the T
(1)
c . In T
(1)
c < T < T
(2)
c , the
relation of free energies obey FLBHon < F
HFS
on < F
SBH
on < F
IBH
on . Then, it changes to F
LBH
on < F
SBH
on < F
HFS
on <
F IBHon for T
(2)
c < T < T
(3)
c . Finally, the relation becomes FLBHon < F
SBH
on < F
IBH
on < F
HFS
on for T
(3)
c < T < T1.
So that, the hot flat space decays into the stable large black hole eventually for T
(1)
c < T < T1. Those
difference are caused by the different rainbow functions.
6 Discussion
In this paper, using two different rainbow functions, we studied the quantum corrections to the thermody-
namics and the phase transitions of the SC black hole. First of all, according to the rainbow surface gravity
and the uncertainty principle, we calculated the rainbow Hawking temperature. Subsequently, the others
modified thermodynamic quantities such as entropy, heat capacity as well as the local temperature are ob-
tained by some manipulations. Finally, based on those modifications, we derived the critical points of the
black hole thermodynamic ensemble and analyzed the thermodynamic stability and phase transition of the
rainbow SC black hole.
It is clear that our results are different from the those of Hawking-Page phase transition. Meanwhile,
comparing the results of RFs I case with those of RFs II case, we found they have some similarities. Firstly,
both the two kinds of rainbow functions can stop the Hawking radiation in the end final stages of black holes’
evolution and leads to black hole remnants, which are agree with the predictions of generalized uncertainty
principle (GUP). Secondly, as seen from Fig. 1(a) and Fig. 4(a), the phase transition occur when the rainbow
parameters are smaller than the critical points. So that, we have set the rainbow parameters as η = γ = 1 in
12
order for the study to be focused and feasible. Thirdly, from Eq. (19) and Eq. (26), one can see that there are
two second order phase transitions since the heat capacity enjoy two divergencies at M1 and M2. Fourthly,
according to the “Fon − Tlocal” plane, it is found there is an unstable black hole interpolating between the
small stable black hole and large stable black hole. Finally, the Fon surface demonstrates the characteristic
swallow tail behavior, which implies the system of rainbow SC black hole has a first order transition. This
behavior is reminiscent of the “free energy-Hawking temperature” relation of AdS black holes. It implies that
the rainbow spacetimes and the AdS spacetimes may related to some extent. Furthermore, our calculations
showed some differences between the RFs I case and RFs II. For the RFs II case, one may found three
Hawking-Page-type critical points while there are two Hawking-Page-type critical points for RFs I case.
Besides, the hot flat space in T
(1)
c < T < T1 only decays into the stable large black hole for RFs II case.
However, for RFs I case, the hot flat space in T0 < T < T1 decays into stable small black hole or the stable
large black hole.
In our previous work, we found that the thermodynamics of rainbow SC black hole is similar as the GUP
corrected thermodynamics of SC black hole. Therefore, It will be worthwhile to verify if our conclusions in
this paper would still hold for the GUP corrected thermodynamics of SC black hole. We left this issues for
forthcoming work.
Acknowledgements This work is supported by the Natural Science Foundation of China (Grant No.
11573022).
References
[1] C. M. Will, Living Rev. Rel. 9, 3 (2006). [arXiv:gr-qc/0510072]
[2] V. A. Kostelecky´, N. Russell, Rev. Mod. Phys. 83, 11 (2011). [arXiv:0801.0287]
[3] G. ’t Hooft, Class. Quantum Gravity 13, 1023 (1996). [gr-qc/9601014]
[4] V. A. Kostelecky´, M. Mewes, Phys. Rev. Lett. 97, 140401 (2006). [arXiv:hep-ph/9703464]
[5] R. Iengo, J. G. Russo, M. Serone, JHEP 0911, 020 (2009). [arXiv:0906.3477]
[6] H. Belich, K. Bakke, Phys. Rev. D 90, 025026 (2014). [arXiv:1407.6279]
[7] J. Alfaro, P. Gonza´lez, R. A´vila, Phys. Rev. D 91, 105007 (2015). [arXiv:1504.04222]
[8] D. Amati, M. Ciafaloni, G. Veneziano, Phys. Lett. B 216, 41 (1989).
[9] R. Gambini, J. Pullin, Phys. Rev. D 59, 124021 (1999). [arXiv:gr-qc/9809038]
[10] F. Girelli, E. R. Livine, D. Oriti, Nucl. Phys. B 708, 411 (2005). [arXiv:gr-qc/0406100]
[11] F. Scardigl, Phys. Lett. B 452, 39 (1999). [gr-qc/0406100]
[12] J. J. Peng, S. Q. Wu, Gen. Relativ. Gravit. 40, 2619 (2008). [arXiv:0709.0167]
[13] Y. J Zhao, X. Liu, arXiv:1606.06285.
[14] G. Amelino-Camelia, J. Lukierski, A. Nowicki, Phys. Atom. Nucl. 61, 1811 (1998). [hep-th/9706031]
[15] G. Amelino-Camelia, J. Lukierski, A. Nowicki, Int. J. Mod. Phys. A 14, 4575 (1999). [gr-qc/9903066]
[16] Y. Pan, Y. G. Gong, S. Cao, H. Gao, Z. H. Zhu, Astropys. J 808, 78 (2015). [arXiv:1505.06563]
[17] R. Aloisio, P. Blasi, P. L. Ghia, A. F. Grillo, Phys. Rev. D 62, 053010 (2000). [astro-ph/0001258]
[18] R. C. Myers, M. Pospelov, Phys. Rev. Lett. 90, 211601 (2003). [hep-ph/0301124]
[19] G. Gelmini, S. Nussinov, C. E. Yaguna, JCAP 0506, 012 (2005). [arXiv:hep-ph/0503130]
13
[20] V. Baukh, A. Zhuk, T. Kahniashvili, Phys. Rev. D 76, 027502 (2007). [arXiv:0704.0314]
[21] S. I. Kruglov, Phys. Lett. B 718, 228 (2012). [arXiv:0704.0314]
[22] A. S. Sefiedgar, K. Nozari, H. R. Sepangi, Phys. Lett. B 696, 119 (2011). [arXiv:1012.1406]
[23] D. Blas, M. M. Ivanov, I. Sawicki, S. Sibiryakov, JETP Lett. 103, 624 (2016). [arXiv:1602.04188]
[24] M. Arzano, G. Calcagni, Phys. Rev. D 93, 124065 (2016). [arXiv:1604.00541]
[25] G. Amelino-Camelia, Int. J. Mod. Phys. D 11, 35 (2002). [gr-qc/0012051]
[26] R.Garattini, E. N. Saridakis, arXiv:1411.7257 [gr-qc]
[27] J. Magueijo, L. Smolin, Class. Quantum Gravity 21, 1725 (2004) [gr-qc/0305055]
[28] A. Awad, A. F. Ali, B. Majumder, JCAP 10, 052 (2013). [arXiv:1308.4343]
[29] A. S. Sefiedgar, arXiv:1512.08372.
[30] A. Chatrabhuti, V.Yingcharoenrat, P. Channuie, Phys. Rev. D 93, 043515 (2016). [arXiv:1510.09113]
[31] A. F. Ali, M. M. Khalil, Europhys. Lett. 110, 20009 (2015). [arXiv:1408.5843]
[32] P. Galan, G. A. M. Marugan, Phys. Rev. D 74, 044035 (2006). [arXiv:gr-qc/0608061]
[33] Y. Ling, X. Li, H. B. Zhang, Mod. Phys. Lett. A 22, 2749 (2007). [arXiv:gr-qc/0512084]
[34] C. Z. Liu, J. Y Zhu, Gen. Relativ. Gravit. 40, 1899 (2008). [arXiv:gr-qc/0703055]
[35] A. F. Ali, Phys. Rev. D 89, 104040 (2014). [arXiv:1402.5320]
[36] A. F. Ali, M. Faizal, M. M. Khalil, JHEP 1412, 159 (2014). [arXiv:1409.5745]
[37] A. F. Ali, M. Faizal and B. Majumder, Europhys. Lett. 109, 20001 (2015). [arXiv:1406.1980]
[38] A. F. Ali, M. Faizal, M. M. Khalil, Nucl. Phys. B 894, 341 (2015). [arXiv:1410.5706]
[39] Y. Gim, W. Kim, JCAP 05, 002 (2015). [arXiv:1501.04702v3]
[40] S. H. Hendi, M. Faizal, Phys. Rev. D 92, 044027 (2015). [arXiv:1506.08062]
[41] A. A. Deriglazov, W. G. Ramı´ rez, arXiv:1506.08062.
[42] A. A. Deriglazov, W. G. Ramı´ rez, arXiv:1511.00645.
[43] S. H. Hendi, Gen. Relativ. Gravit. 48, 50 (2016). [arXiv:1507.04733]
[44] S. H. Hendi, M. Faizal, B. E. Panah, S. Panahiyan, Eur. Phys. J. C 76, 296 (2016). [arXiv:1508.00234]
[45] S. H. Hendi, B. Eslam Panah, S. Panahiyan, arXiv:1602.01832[gr-qc].
[46] S. H. Hendi, S. Panahiyan, B. E. Panah, M. Momennia, Eur. Phys. J. C 76, 150 (2016).
[arXiv:1512.05192]
[47] Y. Gim, W. Kim, Eur. Phys. J. C 76, 166 (2016). [arXiv:1509.06846]
[48] S. H. Hendi, S. Panahiyan, B. E. Panah, M. Faizal, M. Momennia, Phys. Rev. D 94, 024028 (2016).
[arXiv:1607.06663]
[49] Z. W. Feng, H. L. Li, X. T. Zu, S. Z. Yang, Eur. Phys. J. C 76, 212 (2016). [arXiv:1604.04702]
[50] D. Roychowdhury, arXiv:1403.4356 [hep-th].
[51] P. C. W. Davies, Class. Quantum Gravity 6, 1909 (1989).
14
[52] D. Pavo´n, Phys. Rev. D 43, 2495 (1991).
[53] S. W. Hawking, D. N. Page, Commun. Math. Phys. 87, 577 (1983).
[54] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998). [hep-th/9802150]
[55] A. Chamblin, R. Emparan, C. V. Johnson, R. C. Myers, Phys. Rev. D 60, 064018 (1999). [hep-
th/9902170]
[56] R. Banerjee, S. K. Modak, S. Samanta, Phys. Rev. D 84, 064024 (2011). [arXiv:1005.4832]
[57] D. Kubiznˇa´k, R. B. Mann, JHEP 1207, 033 (2012) [arXiv:1205.0559].
[58] S. Gunasekaran, R. B. Mann, JHEP 2012, 110 (2012). [arXiv:1208.6251]
[59] S. W. Wei, Y. X Liu, Phys. Rev. D 87, 044014 (2013). [arXiv:1209.1707]
[60] R. G. Cai, Y. P. Hu, Q. Y. Pan, Y. L. Zhang, Phys. Rev. D 91, 024032 (2015). [arXiv:1409.2369]
[61] M. H. Dehghani, S. Kamrani, A. Sheykhi, Phys. Rev. D 90, 104020 (2014). [arXiv:1505.02386]
[62] S. W. Wei, Y. X Liu, Phys. Rev. Lett. 115, 111302 (2015). [arXiv:1502.00386]
[63] X. X. Zeng, H. B. Zhang, L. F. Li, Phys. Lett. B 756, 170 (2016). [arXiv:1511.00383]
[64] X. X. Zeng, L. F. Li, arXiv:1512.08855 [hep-th].
[65] Y. Gim, W. Kim, JCAP 05, 002 (2014). [arXiv:1406.6475]
[66] Y. Gim, W. Kim, JCAP 10, 003 (2014). [arXiv:1406.6475]
[67] Y. W. Kim, S. K. Kim, Y. J. Park, arXiv:1607.06185 [gr-qc].
[68] G. Amelino-Camelia, J. R. Ellis, N. Mavromatos, D. V. Nanopoulos, Int. J. Mod. Phys. A, 12, 607
(1997). [arXiv:hep-th/9605211]
[69] G. Amelino-Camelia, Living Rev. Rel. 16, 5 (2013). [arXiv:0806.0339]
[70] B. R. Mu, P. Wang, H. T. Yang, JCAP 11, 045 (2015). [arXiv:1507.03768]
[71] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975).
[72] S. W. Hawking, Phys. Rev. D 13, 191 (1976).
[73] P. Wang, H. Yang, arXiv:1505.03045 [gr-qc].
[74] R. J. Adler, P. Chen, D. I. Santiago, Gen. Relativ. Gravit. 33, 2101 (2001). [gr-qc/0106080]
[75] M. Cavaglia, S. Das, Class. Quantum Gravity 21, 4511 (2004). [hep-th/0404050]
[76] R. C. Tolman, Phys. Rev. 35, 904 (1930).
[77] J. Tao, P. Wang, H. T. Yang, Phys. Rev. D 94, 064068 (2016). [arXiv:1602.08686]
[78] R. G. Cai, Phys. Rev. D 65, 084014 (2002). [hep-th/0109133]
[79] Y. S. Myung, Phys. Lett. B 690, 534 (2010). [arXiv:1002.4448]
[80] Y. S. Myung, Y. W. Kim, Y. J. Park, JHEP 0702, 012 (2007). [gr-qc/0611130]
[81] P. Nicolini, Int. J. Mod. Phys. A 24, 1229 (2009). [arXiv:0807.1939]
[82] W. Kim, E. J. Son, M. Yoon, JHEP 0804, 042 (2008). [arXiv:0802.1757]
[83] R. G. Cai, L. M. Cao, N. Ohta, Phys. Lett. B 679, 504 (2009). [arXiv:0905.0751]
15
[84] Y. S. Myung,Y. W. Kim, Eur. Phys. J. C 68, 265 (2010). [arXiv:0905.0179]
[85] M. Eune, B. Gwak, W. Kim, Phys. Lett. B 718, 1505 (2013). [arXiv:1209.4698]
[86] M. Eune, Y. Gim, W. Kim, Phys. Rev. D 91, 044037 (2015). [arXiv:1409.5548]
16
